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Modeling the Response from a Cascade to an Upstream
Acoustic Disturbance
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Time-accurate Euler simulations for the � ow through a two-dimensional cascade subjected to an upstream
acousticdisturbancewere used as the basis for a small-disturbancemodel to predict the re� ected response upstream
of the cascade. The small-disturbance model results in a linear system of algebraic equations for the properties of
the re� ected and transmitteddisturbances. The modelpredicts the re� ected and transmittedresponses as a function
of the cascade blade geometry, the disturbance amplitude, and the initial � ow properties. A new characteristic
out� ow boundary condition based on the small-disturbance response model was formulated and demonstrated
independently in two one-dimensionalEuler codes. The new boundarycondition was found to provide a signi� cant
improvement in accuracy for the re� ection response of an acoustic disturbance from a compressor relative to
existing out� ow boundary-conditionmodels.

Nomenclature
a = local sonic velocity
C = blade chord length
Cv = speci� c heat at constant volume
e = internal energy per unit mass
M , Mx1 = initial axial Mach number
p = local static pressure, Pa or N/m2

q , r, s, = Riemann invariants
R = response coef� cient, b
S = blade spacing
T = static temperature
t = time
u = axial velocity
X = axial coordinate direction, inches or 0.03882 m
Y = coordinate in direction of blade motion, inches

or 0.03882 m
C = stagger angle
c = ratio of speci� c heats
D t = time step, t n + 1 ¡ t n

D x = spatial step, xi ¡ xi ¡ 1

q = density
r = Courant number
¯r = solidity, C/S

Subscripts

i = spatial grid point at the out� ow boundary
i ¡ 1 = spatial grid point one cell from the out� ow boundary
t , x = differentiationwith respect to these variables
1, 2, 3, 4 = � ow regions de� ned by Figs. 4 and 5

Superscripts

n = current time step
n + 1 = new time step
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Introduction

S UPERSONIC aircraft encounter atmospheric disturbances
while in � ight. If the propulsion system uses a mixed com-

pression inlet to decelerate and compress the captured air� ow for
the engine, these disturbances can cause the shock system to be
expelled from the inlet. This event is known as an inlet unstart. An
unstart resultsin a serious loss of propulsiveef� ciencyand cancause
an asymmetric loading of the wing that could require large control
surface forces to maintain aircraft control.

An atmospheric disturbance encounter is thought to result in
acoustic and convective disturbances to the inlet � ow. Acoustic
disturbances are pressure disturbances that propagate downstream
through the inlet at the local velocity plus the local speed of sound.
Convective disturbancesare temperature and density changes with-
out an associated pressure change, or velocity changes without an
associated pressure change (a vorticity disturbance) that propagate
downstream through the inlet at the local stream velocity. Both
acoustic and convective disturbances eventually pass through the
inlet and interact with the compressor.

Mixed compression supersonic inlets are designed to avoid inlet
unstart due to atmospheric and engine-generateddisturbances.The
throat boundary-layer bleed system, throat slots, and � ow bypass
systems; the inlet control system; the design value of the throat
Mach number; and the position of the normal shock relative to the
inlet throat are all used to achieve a suf� cient stability margin to
prevent unstart. Inlet stability measures, however, increase the inlet
performance penalty, weight, complexity, and cost.

Time-accurate Euler/Navier–Stokes (ENS) simulations of the in-
let � ow subjected to disturbances are now being used to support
the design of mixed compression inlets.1,2 One goal of this analysis
is to support the design of an inlet with a desired stability mar-
gin (unstart tolerance) while minimizing the performance penalty.
Time-accurate ENS simulations of inlet � ows are used to explore
parametric variationsof design parameters that affect inlet stability.
The accuracy and, therefore, the usefulness of the ENS simula-
tions depend on the accuracy of the boundary conditions used in
the simulation. At the compressor face, the � ow is subsonic. When
acoustic and convective disturbances interact with the � rst stage
of the compressor,re� ectedand transmitteddisturbancesresult from
this interaction. The re� ected disturbance propagates back toward
the inlet throat and can cause the inlet to unstart. The transmit-
ted disturbances travel downstream through the compressor blade
passages, interact with the next compressor stage, and generate re-
� ected and transmitted disturbances throughout the later stages of
the compressor.
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The speed and memory available with current computers are in-
suf� cient to support the ENS simulation of the inlet/engine combi-
nation (at least in the context of a design study). Thus, the effect of
the engine on the inlet � ow is simulated through the selection of a
boundary condition (the compressor-face boundary condition) for
unsteady time-accurate inlet � ow analyses to investigate inlet sta-
bility issues. A number of compressor-faceboundary-conditionhy-
potheseshave beenput forward by various investigators.3 ¡ 7 A phys-
ical experiment8,9 has been completedfor evaluationof compressor-
face boundary-conditionhypotheses.

A time-accurate numerical study, performed with the NPARC10

computer code, was recently reported11 that investigated the inter-
action of acoustic and convective temperature disturbanceswith an
unstalled cascade. The study provides details of the response of the
� ow as a function of the disturbance, the upstream � ow proper-
ties, and the blade geometry. The purpose of the present paper is
to provide a small-disturbance model for the � ow through a two-
dimensionalcascade subjected to an upstreamacousticdisturbance,
that is based on the simulations of Ref. 11 and to put forward a
new out� ow boundary condition that utilizes the model. Model re-
sults are then comparedwith the Euler simulation results11 and with
experimental results.8,9 The new boundarycondition is then demon-
strated independently in two one-dimensionalEuler codes12,13 and
the predicted results compared with the results from a compressor
experiment and with predicted results using existing boundary con-
ditions. Finally, results from a one-dimensionalEuler simulation of
a supersonic mixed-compression inlet are presented as an example
application, using new and existing boundary conditions. The de-
pendence of inlet normal-shock response and unstart tolerance on
the out� ow boundary condition is demonstrated.

Flow� eld Observations for an Acoustic Disturbance
For step acoustic disturbances, a parametric numerical study11

was conducted to determine the amplitude of the re� ected distur-
bance in the region upstream of the blade face as a function of the
blade solidity, stagger angle, axial Mach number, blade loading,
camber, and acoustic disturbance strength. For � at and unloaded
blades, stagger angles of 20, 45, and 70 deg were considered at ax-
ial Mach numbers of 0.3 and 0.5. For blade solidities greater than
one, the amplitude of the re� ected disturbance was found to be in-
dependent of solidity. The initial acoustic disturbance was a step
increase in static pressure.

The effects of stagger angle and upstream Mach number on the
pressure increase of the re� ected disturbance for an unloaded blade
with a blade solidity of 1.0 are shown in Fig. 1. The initial up-
stream disturbancewas a step change in pressurewith d p / p =0.01.
The amplitude of the re� ected disturbance was found to increase
with increasing stagger angle and increasing upstream axial Mach
number.

The effect of blade loadingwas investigatedbyassuminga typical
initial angle of attack of the initial � ow, relative to the blading,over
the range of stagger angles noted earlier for axial Mach numbers of

Fig. 1 Euler simulationresults showing the effects of Mx1 and C on the
amplitude of the re� ected disturbance.

0.3 and 0.5. Blade loading was found to have a weak effect on the
strength of the re� ected disturbance.

Euler analyses using the Ref. 11 analysis technique and assum-
ing an unloaded blade (blade loading increased the computer time
to achieve a steady-state solution prior to the introductionof a dis-
turbance) were used to explore in greater detail the interaction of
an acoustic disturbance with a cascade. This led to the following
observationsabout the interaction.These observationsare the basis
for the small-disturbanceresponse model proposed later.

1) The process for turning the � ow to align it with the blade
passage is dependent on whether the � ow prior to the distur-
bance is subsonicor supersonicrelative to the blade in a blade frame
of reference. The subsonic process is illustrated in Fig. 2, and the
supersonic process is illustrated in Fig. 3. The axial Mach number
for the subsonicprocess of Fig. 2 was 0.28. The axial Mach number
for the supersonic process of Fig. 3 was 2.05. The stream traces for
the subsonicprocess show that the turning to align the � ow with the
blade passage starts with the re� ected disturbanceand is completed
well into the blade passage. If the � ow is supersonic (Fig. 3) all of
the turning to align the � ow with the blade passage occurs through
the re� ected disturbance upstream of the blade passage.

Fig. 2 Re� ection of an acoustic disturbance with a subsonic blade pas-
sage Mach number.

Fig. 3 Re� ection of an acoustic disturbance with a supersonic blade
passage Mach number.
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Fig. 4 Flow schematic prior to the disturbance: disturbance appro-
aches the blade pair from the left.

Fig. 5 Flow schematic after the disturbance interaction: re� ected dis-
turbance travels upstream to the left.

2) For both subsonic and supersonic Mach numbers, the initial
acoustic disturbance results in two disturbances after the interac-
tion with the cascade: a re� ected, left-running acoustic disturbance
that propagates upstream and a transmitted, right-running acoustic
disturbance that propagates downstream.

3) For a subsonic initial Mach number, four distinct � ow regions
were identi� ed from the Euler simulations.These are denotedby the
circled numbers in Figs. 4 and 5. The � ow properties in region 1 are
those prior to any disturbance. The � ow properties in region 2 are
those just after the downstream propagating acoustic disturbance.
The � ow propertiesin region3 are thosebetweenthecascadeleading
edge and the upstream propagating re� ected disturbance. The � ow
properties in region 4 are those between the downstreamface of the
cascade and the transmitted disturbance.

4) For the right-runninginitial disturbance(Fig. 4) a step increase
in pressure causes an increase in the axial velocity between regions
1 and 2. The tangential component of velocity is unchanged be-
tween regions 1 and 2. This means that the � ow in region 2 is no
longer aligned with the cascade. The changes in static � ow proper-
ties between regions 1 and 2 are isentropic. The total pressure and
temperatureof regions1 and 2 are, however, differentbecause these
regions are separated by a right-runningacoustic wave.

5)The tangentialcomponentofvelocityis,onceagain,unchanged
(between regions2 and 3). The re� ected disturbanceis a planewave
propagating upstream in the axial direction that changes only the
axial component of velocity.The changes in static propertiesacross
the re� ected wave are also isentropic.

6) The axial componentof velocity is decreasedbetween regions
2 and 3. This decrease in axial velocitypartiallyaligns the � ow with
the blade passage.

7) Final alignmentof the � ow with the bladepassageoccurs in the
blade passage between regions 3 and 4. The changes in static prop-
erties between regions 4 and 1 across the transmitted disturbance
are also isentropic.

8) The � ow in region4 is alignedwith the blade passage.Because
the � ow in region1 into which the transmitteddisturbancewill prop-
agate is also aligned, the transmitted disturbance must propagate
along the blade passage. This induces changes in both the axial and
tangential components of velocity to maintain the alignment of the
� ow with the blade passage.

Small Disturbance Model for the Acoustic
Disturbance/Blade Interaction

If an analysis model of the re� ection of an acoustic disturbance
from a cascade is to be useful in an out� ow boundary condition, it
must satisfy two conditions. First, the model must predict the am-
plitude of the re� ected disturbance accurately as a function of the
upstream � ow properties, the blade geometry, and the initial distur-
bance amplitude. Second, the model must be simple enough to be
practical to implement in an out� ow boundary condition.

Subsonic Mach Number
The � ows in regions 3 and 4 can interact through the blade pas-

sage. The goal of the small-disturbancemodel is to relate the � ow
properties in regions 1– 4 just after the interaction of the acous-
tic disturbance with the cascade as illustrated in Fig. 5. Following
Shapiro,14 it is assumed that the squares and products of perturba-
tion terms are negligible in the equations used to relate the � ow
properties in regions 1– 4.

In addition to the preceding � ow observations, the following as-
sumptions are made:

1) The � ow properties prior to the disturbance (region 1) are
known.

2) The cascade blade geometry is a � at plate of zero thickness
and with a solidity greater than one.

3) The cascade is initially unloaded; the � ow prior to the distur-
bance is aligned with the blade passage.

4)The disturbance is a step change in static pressure of known
amplitude.

Shapiro14 derives the following relationships for the motion of
a wave of small amplitude following a small-perturbationanalysis
approach. For a right-runningwave in a constant area � ow with an
initial velocity U in the direction of wave propagation,

d p

p
= c

d U

a
= c M

d U

U
(1)

where a is the local sonic velocity. For a left-running wave,

d p

p
= ¡ c

d U

a
= ¡ c M

d U

U
(2)

The small-disturbancemodel is developedby writing a system of
� ow equations relating the � ow properties in regions 1– 4 of Fig. 5.
Using region 1 as a reference state and noting that the subscript
denotes the properties in a given � ow region, we have, in small-
disturbance notation,

p2 = p1 + p 0
2, u2 = u1 + u 0

2

Across the initial disturbance, from Eq. (1),

d p

p1
=

p2 ¡ p1

p1
=

p 0
2

p1

Similarly,

d u / u1 = u 0
2 / u1

Using Eq. (1), we have

p 0
2 / p1 = c Mx1(u

0
2 / u1) (3)

Using Eq. (2) and following a similar development for the left-
running re� ected disturbance yields

p 0
3 / p1 ¡ p 0

2 / p1 = ¡ c Mx1(u 0
3 /u1) + c Mx1(u

0
2 / u1) (4)

Substituting Eq. (3) into Eq. (4) and rearranging yields

p 0
3 / p1 + c Mx1(u 0

3 /u1) = 2( p 0
2 / p1) (5)

Writing a continuity equation for a control volume about the
cascade blade passage (neglecting the storage effect of the blade
passage volume) yields

q 3u3 = q 4u4 (6)
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Assuming that the � ow properties in regions 3 and 4 are related
through the isentropic relations, we have

d q / q = (1/ c )( d p / p) (7)

Writing Eq. (6) in small-disturbance notation, neglecting the
product of two primed quantities, and using Eq. (7) results in the
following:

p 0
3 / p1 + c (u 0

3 /u1) ¡ p 0
4 / p1 ¡ c (u 0

4 / u1) = 0 (8)

Writing a statement of the � rst law of thermodynamics for a
control volume about the cascade blade passage (neglecting the
volume of the blade passage), assuming the properties in regions
1– 4 are related through isentropic processes, and using the small-
disturbance assumption results in the following:

p 0
3 / p1 + c M 2

x1(u
0
3 / u1) ¡ p 0

4 / p1 ¡ c
¡
M2

x1
ê cos2 C

¢
(u 0

4 / u1) = 0 (9)

Note that a cos2 C appears in the denominatorof the right-handterm
of Eq. (9) because of � ow observation (8).

Applying Eq. (1) to the right-runningtransmitteddisturbanceand
using the observation that this disturbance propagates along the
blade passage (the � ow before and after the transmitteddisturbance
is aligned with the blade passage) results in the following:

p 0
4 / p1 ¡ c (Mx1 / cos C )(u 0

4 /u1) = 0 (10)

Equations (5) and (8–10) form a system of four linear equations
for the unknowns:

p 0
3 / p1, u 0

3 / u1, p 0
4 / p1, u 0

4 / u1

If a responsecoef� cient R is de� ned to be the ratio of the re� ected
disturbance pressure change to the incident disturbance pressure
change,

R =

³
p 0

3

p1
¡

p 0
2

p1

´,³
p 0

2

p1

´
=

p3 ¡ p2

p2 ¡ p1

Solving the four linear equations for the response coef� cient yields

R = tan2

³
C

2

´³
1 + Mx1

1 ¡ Mx1

´
(11)

Supersonic Mach Number
Fromthe � ow observationthat if the � ow is supersonic,all turning

to align the � ow with the bladepassageoccursupstreamof the blade
passage, u 0

3 / u1 =0. From Eq. (5), if u 0
3 / u1 =0,

p 0
3 / p1 = 2( p 0

2 / p1) (12)

Because, for the subsoniccase,u 0
3 / u1 ¸ 0, this limits the response

coef� cient to R ·1.0. If R =1.0, u 0
3 / u1 =0. This condition is a

constant-velocityout� ow condition at the face of the cascade. If the
total Mach number in the blade passage is greater than or equal to
1 (Mx1 / cos C ¸ 1.0), then

R = 1.0 (13)

Discussion
The response coef� cient is predicted from Eq. (11) for subsonic

� ow and Eq. (13) for supersonic � ow. Small-disturbancemodel re-
sults are compared with cascade Euler results in Fig. 6. The agree-
ment is encouraging.

Also shown are data from an experiment8,9 whose purposewas to
measure the response when an upstream acoustic disturbance was
re� ected from the face of a compressor. Response coef� cient data
from the experiment are shown in Fig. 6. for axial Mach numbers
of 0.1 and 0.184. Response coef� cients were computed using the
peak amplitudes of the incident and re� ected pressure waves. A
horizontalbar and symbols spanninga range of stagger angles from

Fig. 6 Comparison of small disturbance model results and Euler re-
sults for the response coef� cient.

45 to 60 deg were used to represent the data in Fig. 6 because of the
hub-to-tip variation in the stagger angle for the compressor used in
the experiment. Agreement between the small-disturbance model
and the experiment is also encouraging.

Data from the experiment of Ref. 9 also showed re� ection re-
sponses from downstream stages of the compressor. These down-
stream responses are expected to disappear with increasing axial
Mach number. The data reported in Fig. 6 are for the re� ection
response from the � rst stage of the compressor.

New Out� ow Boundary Condition
from the Small-Disturbance Model

The goal is to provide the correctphysicalbehaviorwith a simple
numerical boundary-conditionscheme that does not require a sig-
ni� cant increase in computer resources. A characteristic approach
suggested by Hankey15 was selected for this purpose because it
is relatively simple and because the level of approximation used
is consistent with the analysis approximations of the preceding
small-disturbanceanalysis. Incident, transmitted, and re� ected dis-
turbances and the respective � ow regions de� ned in Figs. 4 and 5
are shown in an x – t diagram in Fig. 7.

Following Hankey,15 viscous effects are neglected in the
boundary-condition formulation although the boundary condition
is to be used for both viscous and inviscid � ows. The error intro-
duced by neglect of viscous effects over one cell is minor. A second
assumption is that the � ow is locally one dimensional near the out-
� ow boundary. This is usually approximately correct because the
� ow-duct area variation near the boundary is usually minor. The
one-dimensionalEuler equations can be stated as follows:

2

4
q

q u

q e

3

5

t

+

2

4
q u

q u2 + p

q uH

3

5

x

= 0 (14)

where H =e + p / q =[a2 / ( c ¡ 1)] + u2 / 2.
Equation (14) can be expressed in terms of new dependent vari-

ables q , r , and s. Assuming small perturbations, linearizing, and
using the subscript 1 to indicate a reference state about which a
perturbationoccurs yields the following:

2

4
q

r

s

3

5

t

+

2

4
u1 + a1 0 0

0 u1 ¡ a1 0

0 0 u1

3

5

2

4
q

r

s

3

5

x

= 0 (15)

where q = u + (a1 / c ) p, r = u ¡ (a1 / c ) p, and s =
(1/ c ) p ¡ q .
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Fig. 7 Diagram (x– t) of the re� ection of an acoustic disturbance from
the compressor face.

Equation (15) can be expanded to yield the following:

qt + [u1 + a1]qx = 0 (16)

rt + [u1 ¡ a1]rx = 0 (17)

st + [u1]sx = 0 (18)

Equations (16–18) are the linearized Euler equations in charac-
teristic form. Because Eq. (16) is a total differentialalong lines with
slope dx / dt =u1 + a1 , then q is invariant along those lines. Simi-
larly, r and s are invariant along lines with slopes dx / dt =u1 ¡ a1

and dx /dt =u1 . The coef� cients, u1 + a1 , u1 ¡ a1, and u1 are the
characteristics of the Euler equations. The equations with coef� -
cients u1 + a1 and u1 describe propagation of information out of
the inlet (the solution domain). The equation with the u1 ¡ a1 coef-
� cient describes propagation of information into the domain for a
subsonic� ow. The boundaryconditionshould,thus, satisfyEqs. (16)
and (18). Equation (17) is replaced with the condition one wishes
to satisfy on the boundary in the boundary-conditionspeci� cation.

At the out� ow boundary, the propagation of disturbances from
the inlet results in changes in q and s with respect to time. When
these disturbances interact with the compressor, changes in r with
respectto time are generated.This suggestsa functionalrelationship
exists between changes in r on the boundary with respect to time
and changes with respect to time in q and s. In equation form, this
hypothesis can be written

rt = F (qt , st )

If the responsesto convectivetemperatureand acousticdisturbances
are assumed to be additive in a simple linear way (an in� nite variety
of assumptions could be made about the form of this relationship),

rt = ¡ b qt ¡ n st

where the minus signs in the preceding relationship are arbitrary.
When just a convective density disturbance was considered by
Paynter,11 the out� ow boundary was found to be nonre� ective,
which implies n =0. This suggests that

(r + b q)t = 0 (19)

The equations solved on the boundary in characteristic variable
form are, thus,

2

4
q

(r + b q)

s

3

5

t

+

2

4
u1 + a1 0 0

0 0 0

0 0 u1

3

5

2

4
q

(r + b q)

s

3

5

x

= 0 (20)

Because dx / dt =0 on the boundary,r + b q is a Reimann invariant
on the boundary.

The cascade analysis by Paynter11 found that the re� ection re-
sponse to an acoustic disturbance was a function of the local � ow
propertiesjust upstreamof the cascadeand the bladegeometry.This
suggests that b is a function of these parameters. Function b will
be related to the response coef� cient from the small-disturbance
analysis and to the change in pressure on the boundary with re-
spect to time expressed in a � nite difference form to complete the
boundary-conditionformulation.

Substituting the de� nitionsofq and r into Eq. (19) and expanding
yields

u t ¡ (a1 / c p1) pt = ¡ b [ut + (a1 / c p1) pt ]

Rearranging, we have

u t = (a1 / c p1)[(1 ¡ b ) / (1 + b )]pt (21)

Equation (21) is the condition that is to be satis� ed on the boundary
in conjunctionwith Eqs. (16) and (18). Rewriting Eq. (16) using the
de� nition of q , we have

ut + (a1 / c p1) pt + [u1 + a1][u x + (a1 / c p1) px ] = 0 (16a)

Substitution of Eq. (21) into Eq. (16a) results in the following:

(a1 / c p1)[(1 ¡ b ) / (1 + b )]pt + (a1 / c p1) pt

+ [u1 + a1][ux + (a1 / c p1) px ] = 0 (22)

For a right-running acoustic disturbance propagating into a uni-
form� ow, a change in pressurecan be related to a change in velocity
by using information about the Riemann invariants along the left-
running characteristics.Because the Riemann invariants of the left-
running characteristics are constant across the right-running char-
acteristic because they originate in a region of uniform � ow,

r(x , t) = u ¡ (a1 / c ) p = const

Differentiatingwith respect to x and rearranging,we have

ux = (a1 / c ) px (23)

Substituting Eq. (23) into Eq. (22) and rearranging,we have

pt = ¡ (u1 + a1)(1 + b ) px (24)

Equation (24) has the form of a one-dimensionalwave equation.
A stableexplicitnumericalschemewith truncationerror ( D t, D x )
for the static pressure on the boundary at time step n + 1, in terms
of known conditions at time step n, can be obtained if backward
difference expressions are used in both space and time. Other dif-
ference expressionscouldhave been chosen.The intentwas to show
that a reasonable boundary condition could be formulated:

pn + 1
i = pn

i + (1 + b )
¡

pn
i ¡ 1 ¡ pn

i

¢£
un

i + an
i

¤
( D t / D x) (25)

If the Courant number is de� ned as

r =
£
un

i + an
i

¤
( D t / D x)

the � nal difference expression for pressure is

pn + 1
i = pn

i + (1 + b ) r
¡

pn
i ¡ 1 ¡ pn

i

¢
(26)

The b parameter must be related to the response coef� cient R
to use the small-disturbanceanalysis for R in an out� ow boundary
condition. Suppose an acoustic disturbance is propagating toward
the out� ow boundary. If at time step n, the disturbance is at the
i ¡ 1 axial grid point, the disturbancewill propagate from cell i ¡ 1
to cell i (the out� ow boundary) if r =1.0. Rewriting Eq. (26) in
small-disturbancenotation yields

p3 = p1 + (1 + b )( p2 ¡ p1)

or, from a comparison of the preceding expression with that for the
response coef� cient R it is clear that b = R:

b = ( p3 ¡ p2) / ( p2 ¡ p1)
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The actual boundary condition is speci� cation of the solution
vector variables at time step n + 1 at the boundary, axial station i .
These vector variables are as follows:

q n + 1
i , ( q u)n + 1

i , ( q e)n + 1
i

The velocity on the boundary at time step n + 1 is found from
Eqs. (21) and (26):

un + 1
i = un

i +
¡
an

i
ê c pn

i

¢
(1 ¡ b ) r

¡
pn

i ¡ 1 ¡ pn
i

¢
(27)

Equation (18) can be expanded in � nite difference formulation to
achieve the desired expression for density:

q n + 1
i = q n

i + r

"
Mn

i

Mn
i + 1

¡
q n

i ¡ 1 ¡ q n
i

¢

+ q n
i

¡
b M n

i + b + 1
¢

c
¡
Mn

i + 1
¢

pn
i

¡
pn

i ¡ 1 ¡ pn
i

¢
#

(28)

Combining Eqs. (27) and (28) yields

( q u)n + 1
i =

£
( q a)n

i (1 ¡ b ) r ê c
¤£¡

pn
i ¡ 1 ¡ pn

i

¢
ê pn

i

¤

+ q n + 1
i un

i (29)

From the de� nition of internal energy,

( q e)n + 1
i = ( q e)n

i +
£¡

un
i

¢2 ê 2
¤¡

q n + 1
i ¡ q n

i

¢

+ r
£
(1 + b ) / ( c ¡ 1) + M n

i (1 ¡ b )
¤¡

pn
i ¡ 1 ¡ pn

i

¢
(30)

Equations(28–30)de� ne the solutionvectorvariableson the bound-
ary at time step n + 1.

Note that, if b =1.0, Eq. (26) gives a pressure change consis-
tent with a constant velocity out� ow boundary condition. If b =0,
the boundary condition is nonre� ective. If b = ¡ 1.0, a constant-
pressure boundary condition is obtained.

Results
The accuracyof the new out� ow boundarycondition can be eval-

uated for both acoustic and convective disturbances by comparing
the values of pressure and density from Eqs. (26) and (28) after
the re� ection of a disturbance from the boundary with analytic re-
sults, the Euler results of Paynter,11 and results from the Freund and
Sajben8,9 compressor experiment.

Analytic Checks
Consider � rst an acousticdisturbancethat is a step 1% increasein

pressurepropagatingdownstreamin a constant-areaductat an initial
Mach number of 0.4. Assume that the disturbance interacts with an
unloadedcascade with a blade stagger angle of 70 deg. From Fig. 6,
using the Euler cascade analysis results,11 p3 / p1 =1.02. Because
the re� ection of the disturbance is isentropic, q 3 / q 1 =1.01425.
From Eq. (26), pn + 1

i / Pn
I =1.02 assuming a time step such that the

disturbancepropagatesfrom one cell off the boundary to the bound-
ary, i ¡ 1 to i ( r =1.0). From Eq. (28), q n + 1

i / q n
i =1.014283. The

error in pressure is, thus, 0% and the error in density is 0.004%.
For a convective temperature disturbance, from Ref. 11,

p3 / p1 = p2 / p1 =1.0 and q 3 / q 1 = q 2 / q 1 . From Eqs. (26) and (28),
it is clear that pressure and density on the boundary would be com-
puted without error provided r Mx1 / (Mx1 + 1) =1.0. If r =1.0,
which would be the normal upper limit on the time step, the con-
vective disturbancehas not propagated from i ¡ 1 to i , but has only
covered a fraction of the distance. Thus, for a step change distur-

bance, two (or more) time steps would be required to compute the
change in density.

One-Dimensional Euler Results
The new boundary condition was implemented in two one-

dimensional Euler codes.12,13 Simulation results12 are shown in
Fig. 8 for a step change acoustic disturbance ( d p / p =0.046) in
a constant-area channel with an axial Mach number of 0.3, inter-
acting with the out� ow boundary.Pressure distributions in the duct
are plotted in Fig. 8 at uniform time increments to show the effect
of the response coef� cient on the strength of the re� ected pressure
disturbance.Pressure– time data are plotted for response coef� cient
b values of 0., 0.5, and 1.0 in the plot. The new boundary condition
performs as expected.

Comparison of One-Dimensional Euler Results
and Experimental Results

The Ref. 9 compressorexperimentwas conductedin a facilitythat
combined a constant-areaannular inlet with the compressor from a
multistage General Electric T58-3 helicopterengine with the power
turbine removed. The turbine was driven using high-pressure air
from an external source that limited the Mach number that could be
obtained in the inlet to about 0.2.

Acoustic expansion pulses were generated from the sudden col-
lapse of a � exible boot positionedapproximatelymidway along the
annulus. A sudden collapseof the boot created two expansionwave
pulses, one traveling upstream and one traveling downstream. The
test facility and the locations of the four pressure transducers used
to record the passage of acoustic waves are shown schematically in
Fig. 9 (from Fig. 6 of Ref. 9).

The LAPIN code13 was used to simulate the compressor exper-
iment for an inlet condition of Mach 0.17 (Fig. 6 of Ref. 9). Typi-
cally used boundaryconditionsof constantpressure,constantMach
number, and constantvelocity were investigated,as well as the new
small-disturbanceout� ow boundarycondition,to see how well they
representthe responseof the T58 compressor.The � gure of merit for
the comparison is the pulse that is re� ected back upstream from the
compressor face. The re� ected pulse was determined for all cases
by using the procedure explained in Ref. 9. The procedure involves
a time shift of the incident pulse time history from station 1 to sta-
tion 4 (Fig. 9). (Although not shown, LAPIN accurately simulated
the incident pulses as stations 1, 2, and 3.) At station 4 the incident
and re� ected pulses overlap.The re� ected pulse is obtained by sub-
tracting the station 1 time-shifted history from the time history at
station4. The simulationresults for the variousboundaryconditions
are comparedwith the experimental data in Fig. 10. Note again that
the incident pulse is an expansion wave. The minimum peak for
the incident disturbancewas about ¡ 3.8% of the initial steady-state
pressure(Fig. 6 of Ref. 9). The pulse re� ectedfrom theT58 is alsoan
expansionwave but with a much smaller amplitudeof about ¡ 1.3%.
As expected, the constant-pressureout� ow boundary condition re-
sults in a re� ected wave of opposite sign to the incidentwave. If the
duct area were constant all of the way to the compressor face, the
re� ected pulse amplitude shouldequal the incidentpulse amplitude.
However, the duct converges near the compressor face so that the
re� ected pulse amplitude is less than that of the incident pulse. The
constant-pressure boundary condition would obviously be a poor
choice to represent the re� ection of an acoustic disturbance from a
compressor. The constant-Mach-number and constant-velocityout-
� ow boundaryconditions result in responsesof the correct sign, but
overpredictthe amplitudeby a factorof two or more.The new small-
disturbance boundary condition results in a re� ected pulse that has
the correct sign and approximately the correct amplitude. The re-
sponse coef� cient b used with the boundary condition was 0.362
based on the T58 � rst-stage-rotormidspan stagger angle of 52 deg
and an undisturbedMach number at the compressor face of 0.2067.
This boundary condition simply simulates a single blade row. That
is, for the T58 case it ignores the variable inlet guide vanes and the
multiple blade rows downstream of the � rst-stage rotor, thought to
be responsible for subsequent peaks observed in the experimental
re� ected pulse.9 Still, the new boundary condition offers a signif-
icant improvement in accuracy for the amplitude of the re� ected
pulse relative to the other typically used boundary conditions.
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Fig. 8 Re� ection of a step in pressure acoustic disturbance for different values of ¯.

Fig. 9 Apparatus for the compressor experiment of Freund and Sajben.8;9

Example Application
Simulation of a supersonic mixed-compression inlet � ow was

used to demonstrate how the predicted tolerance to unstart de-
pends on the out� ow boundary condition. LAPIN was used for
the inlet simulations. Results are compared for the new small-
disturbance boundary condition and the typically used constant-
velocity, constant-Mach-number, and constant-pressure boundary
conditions. The inlet studied was designed for Mach 2.5 opera-

tion, optimized experimentally, and tested both steady state and
dynamically.16 The inlet was sized for operation with and tested
with a GE J85-13 turbojet engine.

The simulated inlet was scaled by a factor of three to give re-
sults representativeof a full-scale system. The operating point con-
ditions were M =2.5, altitude =65,000 ft, and a compressor-face
Mach number of 0.3143. The corresponding compressor-face cor-
rected air� ow and total pressure recovery were 300 lbm/s and 93%
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Fig. 10 Comparison of LAPIN results and experimental results.

Fig. 11 Effect of the out� ow boundary condition on the predicted inlet
unstarttolerance: results for the NASA LERC 40–60 mixedcompression
inlet at M = 2:5.

freestream total pressure, respectively, corresponding to a stability
margin of several percent. That is, the inlet could tolerate about
a 9% reduction in corrected air� ow without the terminal (normal)
shock moving upstreamof the throat and unstarting.The simulation
included inlet bleeds and bypasses but no active controls.

The inlet was subjected to step decreases in freestream static
pressure that occurred over one simulation time step of 0.00001 s.
The result is an expansion wave that travels downstream. When it
reaches the normal shock, the shock responds by moving upstream
an identicaldistanceregardlessof the out� ow boundary.The pertur-
bation continues downstream and is re� ected back upstream from
the out� ow boundary. When it reaches the normal shock, the re-
� ected wave will increase or decrease the upstream shock displace-
ment depending on whether the re� ection is a compression wave
or an expansion wave, respectively. To determine the unstart tol-
erance, the perturbation amplitude was changed in increments of
0.5%. This allowed the onset of unstart to be bracketed to within
0.5%. Results from these simulations are shown in Fig. 11 and in-

dicate that the out� ow boundary condition has a strong effect on
the strength of the disturbance needed to induce an unstart. As ex-
pected, use of the constant-pressureboundary condition results in
the lowest predicted unstart tolerance, between ¡ 1.5 and ¡ 2%,
because the expansion wave is re� ected as a compression wave.
The tolerance is substantially lower than that predicted with the
proposed new small-disturbance model. In these simulations the
small-disturbance boundary condition used a response coef� cient
of 0.4168 based on the J85 � rst-stage-rotor midspan stagger angle
of 50 deg and the undisturbed compressor-face Mach number of
0.3143. The constant-Mach-number and constant-velocity bound-
ary conditions overpredict the unstart tolerance by about 40% rela-
tive to the small-disturbanceboundary condition.

The results of Figs. 10 and 11 illustrate the importance of se-
lecting a correct out� ow boundary condition, particularly from an
inlet controls perspective.Using a boundary condition that predicts
a tolerance to unstart that is too low may result in the inlet being
controlled at an inef� cient operating condition to assure operabil-
ity. If the predicted inlet tolerance is too high, the inlet control
might be designed such that excessive unstarts would occur. The
new small-disturbanceboundary condition is thought to provide the
most accurate short-term compressor response and, therefore, the
best prediction of inlet unstart tolerance.

Conclusions
The process for alignment of the � ow with the blade passage

(after an acoustic disturbance has caused a misalignment) depends
on whether the � ow in the blade passage prior to the disturbance is
subsonic or supersonic. If the � ow is subsonic, realignment starts
with the passage of the � ow through the re� ected disturbance but
is completed within the blade passage. If the � ow is supersonic,
all realignment occurs through the disturbance re� ected from the
cascade ahead of the blade passage.

A small-disturbancemodel was formulated for the response from
a cascadeof a downstreampropagatingacousticdisturbance.Model
results agree well with Euler analysis results from Ref. 11 and with
the available experimental data.

The small-disturbanceresponsemodelwas thenused to formulate
a new one-dimensional out� ow characteristic boundary condition
for acoustic disturbances that satis� es at least simple checks on
the accuracy of the boundary condition for acoustic and convective
density disturbances.

The new out� ow boundary condition was implemented in two
one-dimensional Euler codes. Simulation results indicate that
the boundary condition performed as expected for the compres-
sor experiment of Freund and Sajben.8,9 Simulation results also
demonstrated the importance of the out� ow boundary condition to
the prediction of inlet normal-shock response and unstart tolerance
for a supersonic mixed compression inlet.
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